Recently the notions of sfli , the supremum of the flat lengths of injective -modules, and silf , the supremum of the injective lengths of flat -modules have been studied by some authors. These homological invariants are based on spli and silp invariants of Gedrich and Gruenberg and it is shown that they have enough potential to play an important role in studying homological conjectures in cohomology of groups. In this paper we will study these invariants. It turns out that, for any group , the finiteness of silf implies the finiteness of sfli , but the converse is not known. We investigate the situation in which sfli < ∞ implies silf < ∞. The statement holds for example, for groups with the property that flat -modules have finite projective dimension. Moreover, we show that the Gorenstein flat dimension of the trivial Z -module Z, that will be called Gorenstein homological dimension of , denoted Ghd , is completely related to these invariants.
Introduction
Related to the problem of extending the Farrell-Tate cohomology, two homological invariants were assigned to a group by Gedrich and Gruenberg, spli , the supremum of the projective lengths of the injective -modules, and silp , the supremum of the injective lengths of the projective -modules [14] . They showed that the finiteness of these invariants of a group , implies the existence of complete cohomological functors. They studied these invariants and showed that silp spli and if spli is finite, then silp = spli = findim , where findim , the finitistic dimension of , is the supremum of the projective dimension of the -modules of finite projective dimension. These invariants then have been considered by several authors, see e.g. [8] and [9] . For a long time it was not known if the finiteness of silp implies the finiteness of the spli . Recently, in a nice paper of Emmanouil, it is proved that for any group , silp = spli , see [11, Corollary 4.5] . While proving his interesting result, silp = spli , Emmanouil applied two new invariants silf and sfli . On the other hand, some recent results of Benson and Goodearl, show that flat and projective modules over group rings have a close connection. For example, they show that a flat R -module which is projective as an R-module is necessarily projective over R , where R is a ring of coefficients and is a finite group [4] . According to these results, one may deduce that in order to develop further ways of recognizing projective modules over group rings, one has to study flat modules. This provides the motivation for the first part of this paper. We study silf , sfli and their properties. It turned out that for any group , silf = silp . We investigate the relation between these invariants and the other homological invariants that assigned to a group. While spli and silp invariants should be compared with the cohomological dimension of a group, sfli and silf invariants are related to the homological dimension of groups. We show that for any group of finite homological dimension n, sfli is finite; in fact, it is less than or equal to n + 1. For a subgroup of , we have sfli sfli and the equality holds if ( : ) < ∞. Moreover, we show that over a locally finite group , every injective -module has flat length at most one, that is sfli 1. This should be compared with the main result of [9] , that states a group is finite if and only if every injective -module has projective length at most one. We always have the inequality sfli silf . It is not known that if sfli < ∞ then silf < ∞ in general. We provide some situations, for which the finiteness of sfli implies the finiteness of silf . Also, with the aid of an example, we show that it may happen that both silf and sfli are finite, but they are not equal.
The second part of the paper is motivated by the theory of Gorenstein homological algebra, which goes back to the Auslander-Bridger theory of Gorenstein modules [2] . Their theory has been generalized by Enochs and his collaborators. They introduced the notions of Gorenstein projective, Gorenstein injective and Gorenstein flat modules, generalizing (and dualizing) Auslander-Bridger theory. These modules form the basis of a version of homological algebra known as Gorenstein homological algebra. The general principle tells us that any result in classical homological algebra should have a counterpart in Gorenstein homological algebra. Following this, we consider the Gorenstein flat dimension of the trivial Z -module Z. This invariant, that will be called Gorenstein homological dimension of , denoted Ghd , is finer than homological dimension of and is tightly connected with the sfli . Furthermore, it reflects some properties of the underlying group. For example, we show that a group is finite if and only if Ghd = 0. Finally, we prove an analogue of the Serre's Theorem for this invariant, i.e. for a subgroup of of finite index, Ghd = Ghd , provided silf is finite.
Throughout the paper, is a group and Z is its integral group ring. By a -module, we mean a Z -module. We follow this abbreviation in all our notations. For example, for a -module M, projective (respectively, injective, flat) dimension of M over Z is denoted by pd M (respectively, id M, fd M). In the same way, spliZ and silpZ will be denoted by spli and silp , respectively. All modules are considered as left modules unless otherwise specified.
Preliminaries
In this section we set notations and discuss basic facts which will be used throughout the paper. Unless otherwise stated, we will assume that R is an associative ring with identity. All modules are assumed to be left R-modules.
2.1.
Covers and proper resolutions. Let R be a ring, let M be an R-module and let F be a class of
whenever ψ is an endomorphism of F , then ϕ : F → M is an F -cover. We say that F is (pre)covering if every R-module has an F -(pre)cover.
A proper F -resolution of a module M is a complex
If F is the class of flat modules, an F -(pre)cover is called a flat (pre)cover. It is known that the class of flat R-modules is covering [5] . In particular, for any R-module M, we have a proper flat resolution. To construct it, take a flat cover F 0 → M with kernel K 0 . Then take a flat cover F 1 → K 0 and let K 1 denote the kernel of the composition
Take a flat cover of K 1 and repeat to construct an augmented proper flat resolution
In this case, the resolution is called minimal.
Cotorsion module.
An R-module C is said to be cotorsion if Ext 
where each P i is projective and i 2. Clearly K is flat, because F is so. Therefore Ext 
Thus we proved the claim. Now, assume that
is a flat resolution of A. By breaking the sequence, we get short exact sequences
where The homological dimension of , denoted hd , is defined to be the flat dimension of Z, that is the smallest integer n such that there exists a flat resolution F • of Z with F i = 0 for all i n + 1. Homological dimension is, equivalently, defined as the smallest integer n such that H i ( , M) = 0 for i n + 1 and all -modules M, where H i ( , M) is the ith homology group of with coefficients in M.
Since projective modules are necessarily flat, it follows that hd cd .
Remark 2.6. The following statements hold, provided that the word 'dimension' is taken to mean any one of cd and hd , with the same meaning throughout the statement.
• The dimension is equal to zero if and only if is the trivial group.
• If the dimension is finite then is necessarily torsion free.
• The dimension of a subgroup of is less than or equal to the dimension of .
2.7.
Gorenstein cohomological dimension. As mentioned in the Introduction, in the category of finitely generated modules over a commutative noetherian ring, an important invariant is assigned to each object of the category. This invariant, which is referred to as Gorenstein dimension, is defined by Auslander and Bridger [2] and provides a refinement of the projective dimension of a module. This dimension was studied by several authors, specially by Enochs and Jenda [12] . They generalized it to modules over arbitrary rings, where they called it Gorenstein projective dimension, denoted Gpd. For any group , the Gorenstein cohomological dimension of , denoted Gcd , is defined to be the Gorenstein projective dimension of the trivial -module Z. This invariant is introduced in [1] and has been studied further in [3] . We also recall the notion of a complete resolution of a group. A complete resolution by projectives for a group is an acyclic complex 
Sfli and silf
Let be a group. In this section, we study the supremum of the flat lengths of injective -modules, sfli , and the supremum of the injective lengths of flat -modules, silf . It is plain that silp silf and sfli spli . Moreover, it is easy to see that, for any group , sfli = sup i: Tor i (−, I) = 0, for some injective -module I and silf = sup i:
In the following we plan to show that, for an arbitrary group , silp = silf . We recall that a complex X of R-modules is called pure exact if for any right R-module M, the tensored complex
Lemma 3.1. Assume that admits a complete resolution by projectives. Then any -module also admits a complete resolution by projectives.
Proof. Consider a complete resolution of the trivial -module Z,
Let M be an arbitrary -module. Consider the short exact sequence of -modules 0 −→ L −→ Q −→ M −→ 0, in which Q is a projective (free) -module. Considering this as a sequence of Zmodules, we may deduce that L is projective as a module over Z. Now, it is enough for us to show that L admits a complete resolution. This we do. The above complete resolution induces the following diagram
of -modules (with diagonal action), in which the rows are exact. It is known that for any -module A, there is a canonical isomorphism of -modules Z ⊗ A ∼ = Z ⊗ A, where the left side is a -module with diagonal action and the right side is a -module by induced action, see [6, Corollary 5.7] . It is easy to see that the same isomorphism holds, if we replace Z with any projective -module P . Hence we may deduce that P ⊗ Z L is projective, for any projective -module P . Therefore the claim holds. 2
Proposition 3.2. Assume that admits a complete resolution by projectives. Then the projective dimension of any flat -module is finite.
Proof. Let F be an arbitrary flat -module. By the previous lemma, F admits a complete resolution
To this end, we
show that the complex T • is contractible. In view of [19, Theorem 8.6] , it is enough to show that all kernels of T • are flat. Since F is flat, so is K n and hence any K i , for i n, is flat. So it remains to
show that K i , for i < n is flat. To see this, we show that the complex
is pure exact. Let M be an arbitrary -module. By the above lemma M admits a complete resolution by projectives, say
This follows by splicing the above exact sequence into short exact sequences and applying the functor −⊗ K i on them, in view of the fact that fd By the above corollary sfli is finite if silf is finite. We don't know whether the converse is true in general. The following corollary shows that the converse is completely related to the finiteness of the projective dimension of flat -modules.
Corollary 3.5. Assume that sfli is finite. Then silf is finite if and only if the projective dimension of any flat -module is finite.
Proof. 'If' part. Let I be an injective -module. By assumption, fd I is finite. This, in conjunction with our assumption on projective dimension of flats, implies that pd I is finite. So spli , and hence silp , is finite. Therefore, by Theorem 3.3, silf is finite.
'Only if' part. This follows from the fact that spli = silp = silf . 2
Let R be a ring of cardinality at most ℵ n , n 0. It is proved in [20] that, over such ring, every flat module has projective dimension at most n + 1. Hence any groups for which sfli is finite but silf is infinite would have to be rather large. We would like to thank the referee for this comment. Proof. In view of Corollary 3.4, it is enough to show that if sfli < ∞ then silf < ∞. Assume that sfli = n. Let F be an arbitrary flat -module. Consider the exact complex
To complete the proof, it is enough to show that L is injective. Apply the exact functor ( ) * = Hom(−, Q/Z) on this sequence to get the exact sequence 
Proof. If is a finite group, then Z is noetherian and hence by [9] , spli = 1. Now the result follows from the above remark. 2
Let us list two classes of groups for which the invariants silf and sfli are both finite. In the following theorem, we consider how the invariants silf and sfli behave with respect to the extension of groups. (ii) Assume that sfli = n and silf = m are both finite. We need to show that fd E n + m, where E is an injective -module. To this end, consider the Z-split Z -exact sequence 0 → I → Z 
Our assumption, sfli = n, in conjunction with the fact that any flat -module is a flat -module via → , implies that F • is a Z -exact sequence such that Our next result compares sfli with the homological dimension of and with the generalized homological dimension of . We recall that the generalized homological dimension of a group , denoted hd , is defined by Ikenaga [15] (ii) hd sfli
Proof. (i) Clearly, we may assume that hd is finite, say n, otherwise there is nothing to prove. 
Since K is Z-free, fd K n. So fd A n + 1. In particular, if I is an injective -module, fd I n + 1.
(ii) It is clear that hd sfli . The inequality sfli 1 + hd has been claimed in remark after Lemma 1.8 of [16] . Here, for the convenience of the reader, we provide an elementary proof. Suppose hd = n and let I be an injective -module. For any -module M, consider a projective presentation
Since K is a Z-torsion free -module, Tor i (K , I) = 0, for all i > n. So the long exact sequence of 'Tor' groups arising from this short exact sequence implies that Tor i (M, I) = 0, for all i > 1 + n. Therefore fd I 1 + n. So sfli 1 + n as required. 2
The following proposition should be compared with the main theorem of [9] . 
Hence Ext They proved the validity of this conjecture for certain classes of groups, like duality groups and fundamental groups of graphs of finite groups. Emmanouil [11, Corollary 4.7] proved that the equality holds true if cd is 0 or 1. This motivates another conjecture involving generalized homological dimension and sfli, that is: for any group , sfli = hd + 1. As we saw above, the conjecture is true for locally finite groups. Also it is true, for free abelian group of finite rank, because in this case, is a duality group and so spli = sfli and cd = cd = hd = hd .
Gorenstein homological dimension
The notion of Gorenstein flat modules was introduced in [13] by Enochs, Jenda and Torrecillas. Using this class of modules, they introduced a numerical invariant for any module, called the Gorenstein flat dimension of module. It is defined via resolutions by Gorenstein flat modules. In this section, we restate the definition of Gorenstein flat modules for modules over group rings and based on this class of -modules, assign a dimension to any group , called Gorenstein homological dimension of the group. Our definition of dimension is slightly different from the usual definition of Gorenstein flat dimension. In fact, our definition is based on proper flat resolutions and, as we will see, is closely related to the other homological invariants of groups. 
So every totally reflexive module is Gorenstein flat. This, in particular, covers the above example. Definition 4.4. Let M be a non-zero -module. We say that Gorenstein flat dimension of M is n 0, denoted Gfd M = n, if n is the least integer for which there exists a proper flat resolution of M such that its nth syzygy is Gorenstein flat. If no such n exists, then we shall write Gfd M = ∞. By convention, Gfd 0 = −∞.
Note that Gfd M fd M and we have the equality if fd M is finite. Definition 4.5. For any group , the Gorenstein homological dimension of , denoted Ghd , is defined to be the Gorenstein flat dimension of the trivial -module Z; that is Ghd = Gfd Z. . . As a consequence, we obtain the following diagram
Note that the top row is an acyclic complex of flat -modules and the bottom one is a proper flat resolution of L. Hence, to complete the proof, it is enough for us to show that the top row is I ⊗ − exact for all injective -modules I . But this follows by using a dimension-shifting argument in view Proof. Clearly we may assume that sfli is finite. In this case the result follows from the proof of the above proposition. 2
Our next two lemmas provide the ground for us to prove that Ghd Ghd , whenever is a subgroup of . Proof. Assume that F is a flat -module. We need to show that the sequence Hom F , F → Hom F , M → 0 is exact. We have the following commutative diagram
Since Z ⊗ F is a flat -module, the bottom row is exact. So is the top one, as required. Proof. There exists a complete flat resolution Proof. First we show that F admits a pure right flat resolution. By Theorem 10 of [10] and in view of [5, Proposition 2] , there is an exact sequence of -modules
where F 0 is cotorsion and C is flat. So F 0 is also flat. Since C is flat, the sequence is a pure exact sequence of -modules. We may repeat the construction with C replacing F and in this way produce an acyclic complex 
such that P i 's are flat. So by the above lemma there is a chain map P • → F • , lifting the homomorphism M ⊕ F → F . We let C • denote the mapping cone of P • → F • . Since P • → F • is a quasiisomorphism (both P • and F • are exact), the long exact sequence of homology for the mapping cone shows that C • is exact. Moreover, since I ⊗ P • and I ⊗ F • are exact for any injective -modules, so is I ⊗ C • . Next we note that we have a short exact sequence of complexes. The following result provides a version of the Serre's Theorem [21] for Ghd. Since sfli is finite, we may deduce that Tor i (K , I) = 0, for all i > 0 and all injective -modules I . Hence K is a Gorenstein flat -module. This completes the proof. 2
